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Abstract
The Schro¨dinger cat states, constructed from Glauber coherent states and ap-
plied for description of qubits, are generalized to the kaleidoscope of coherent
states related with regular n-polygon symmetry and the roots of unity. The cases
of the trinity states and the quartet states are described in details. Normalization
formula for these states requires introduction of specific combinations of exponen-
tial functions with mod 3 and mod 4 symmetry. We show that for an arbitrary n,
these states can be generated by the Quantum Fourier transform and can provide
qutrits, ququats and in general, qudit units of quantum information. Relations with
quantum groups and quantum calculus are discussed.
Keywords: qubit, qutrit, ququat, qudit, coherent states, cat-states, quantum Fourier
transform
1 Introduction
The Schro¨dinger cat states as superposition of Glauber, optical coherent states with
opposite phases can be considered as qubits, a unit of quantum information. This
construction can be generalized to the kaleidoscope of coherent states related with
regular n-polygon symmetry and the roots of unity. Superposition of coherent states
with such symmetry provides the set of orthonotmal quantum states, as a description of
qutrits, ququats and qudits. It was shown recently that such quantum states as a units of
quantum information processing, have advantage in secure quantum communication.
Our consideration here is motivated by ideas of symmetry and q-calculus. As was
shown in our papers [1], [2], [3], application of method of images in hydrodynamics
in wedge domain requires construction of q-periodic functions with q as a root of unity
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and self-similar q-periodic functions. This construction can be considered as a discrete
Fourier transform in space of complex analytic functions. Extension of these ideas to
the Hilbert space for the coherent states results in a construction which we presents
below.
1.1 Glauber Coherent States
Heinsenberg-Weyl Algebra→ Bosonic Algebra: [aˆ, aˆ†] = Î
Annihilation operator : aˆ|0〉 = 0 , where |0〉 ∈ H (1)
Creation operator : aˆ†|0〉 = |1〉 ⇒ |n〉 = (aˆ
†)n√
n!
|0〉 (2)
Coherent States are eigenstate of annihilation operator : aˆ|α〉 = α|α〉, α ∈ C.
This gives us relation between complex plane and Hilbert space such that α ∈ C ↔
|α〉 ∈ H.
Representation of coherent states in the Fock space basis: D(α) = eαaˆ
†−α¯aˆ ⇒
|α〉 = eαaˆ†−α¯aˆ|0〉, where D(α) is displacement operator⇒
|α〉 = e− 12 |α|2
∞∑
n=0
αn√
n!
|n〉 (3)
Inner product of coherent states: 〈α|β〉 = e− 12 |α|2− 12 |β|2+α¯β ⇒ Coherent states
are not orthogonal states. Our aim is by using coherent states to construct orthogonal
set of states with discrete regular polygon symmetry.
2 Schro¨dinger’s Cat States
In description of Schro¨dinger cat states one introduces two orthogonal states, which
are called even and odd cat states. These cat states are superposition of |α〉 & | − α〉:
|cate〉 ≡ |α+〉 ∼ |α〉+ | − α〉 |cato〉 ≡ |α−〉 ∼ |α〉 − | − α〉
These states can be considered as a superposition of two coherent states related by
rotation to angle pi, which corresponds to primitive root of unity q2 = q 2 = −1, so
that q4 = 1 and normalization constants are N+, N−:
|0〉α = N+( |α〉+ |q2α〉 ) , |1〉α = N−( |α〉+ q 2|q2α〉 ) (4)
N+ =
e
|α|2
2
2
√
cosh|α|2 & N− =
e
|α|2
2
2
√
sinh|α|2 (5)
We can represent these states in matrix form by acting with Hadamard gate:
2
[ |0〉α
|1〉α
]
= N
1√
2
[
1 1
1 q 2
]
︸ ︷︷ ︸
Hadamard gate
[ |α〉
|q2α〉
]
(6)
N =
e
|α|2
2√
2
diag
(
0e
|α|2 ,1 e|α|
2
)−1/2
(mod 2) (7)
where
(mod 2) 0e
|α|2 ≡
∞∑
k=0
(|α|2)2k
(2k)!
=
e|α|
2
+ eq
2|α|2
2
(8)
and
(mod 2) 1e
|α|2 ≡
∞∑
k=0
(|α|2)2k+1
(2k + 1)!
=
e|α|
2
+ q¯2eq
2|α|2
2
(9)
These state have been used as superposition of optical coherent states for descrip-
tion of qubit in quantum information processing.
3 Trinity States
To construct three orthonormal states we consider three coherent states rotated to
angle 2pi3 (Figure 1), which corresponds to q
6 = 1. First we define
|0〉α = N0
(|α〉+ |q2α〉+ |q4α〉)
and
q6n = 1 ⇒
(q2n − 1)(1 + q2n + q4n) = 0 ⇒
1 + q2n + q4n = 3 δn≡0(mod 3) (10)
From normalization by using (10) we introduce
(mod 3) 0e
|α|2 ≡
∞∑
k=0
(|α|2)3k
(3k)!
=
1
3
(
e|α|
2
+ eq
2|α|2 + eq
4|α|2
)
3
Figure 1: Trinity States - ”Bene Scripsisti De Me Thoma”in Vatican
Then we find three orthonormal basis states as |0〉α, |1〉α & |2〉α:
|0〉α = e
|α|2
2
|α〉+ |q 2α〉+ |q 4α〉√
3
√
e|α|2 + eq2|α|2 + eq4|α|2
= e
|α|2
2
|α〉+ |q 2α〉+ |q 4α〉
3
√
0e|α|
2(mod 3)
|1〉α = e
|α|2
2
|α〉+ q2|q 2α〉+ q4|q 4α〉√
3
√
e|α|2 + q2eq2|α|2 + q4eq4|α|2
= e
|α|2
2
|α〉+ q2|q 2α〉+ q4|q 4α〉
3
√
1e|α|
2(mod 3)
|2〉α = e
|α|2
2
|α〉+ q4|q 2α〉+ q2|q 4α〉√
3
√
e|α|2 + q4eq2|α|2 + q2eq4|α|2
= e
|α|2
2
|α〉+ q4|q 2α〉+ q2|q 4α〉
3
√
2e|α|
2(mod 3)
Matrix form of Trinity states: |0〉α|1〉α
|2〉α
 = N 1√
3
 1 1 11 q2 (q2)2
1 q4
(
q4
)2

︸ ︷︷ ︸
Trinity gate
 |α〉|q2α〉
|q4α〉
 , (11)
N =
e
|α|2
2√
3
diag
(
0e
|α|2 ,1 e|α|
2
,2 e
|α|2
)−1/2
(mod 3) (12)
1 + q2(n−k) + q4(n−k) = 3 δn≡k(mod 3) , 0 ≤ k ≤ 2
These states can be used as qutrits quantum information states, having advantage
in secure quantum communications.
4
4 Quartet States
Figure 2: Quartet States - Ceiling Mosaic of San Giovanni in Florence
In Figure 2, we have four states rotated by angle pi2 , determined by primitive root
q8 = 1
Superposition of these states with proper coefficients give us quartet of basis or-
thogonal states:
|0〉α
|1〉α
|2〉α
|3〉α
 = N 1√4

1 1 1 1
1 q2
(
q2
)2 (
q2
)3
1 q4
(
q4
)2 (
q4
)3
1 q6
(
q6
)2 (
q6
)3

︸ ︷︷ ︸
Quartet gate

|α〉
|q2α〉
|q4α〉
|q6α〉
 (13)
where
N =
e
|α|2
2√
4
diag
(
0e
|α|2 ,1 e|α|
2
,2 e
|α|2 ,3 e|α|
2
)−1/2
(mod 4)
1 + q2(n−k) + q4(n−k) + q6(n−k) = 4 δn≡k(mod 4) , 0 ≤ k ≤ 3
These states can be used as ququats quantum information states, having advantage
in secure quantum communications.
5 Generalized n-Cat States
Consider superposition of n coherent states, which are belonging to vertices of regular
n-polygon and rotated by angle pin (Figure 3). It is related with primitive root of unity:
q2n = 1
5
Inner product of q2k rotated coherent states:
• 〈q2kα|q2kα〉 = 1, 0 ≤ k ≤ n− 1
• 〈q2kα|q2lα〉 = e|α|2(q2(l−k)−1), 0 ≤ k, l ≤ n− 1
Figure 3: n-regular polygon
Lemma: For q2n = 1 , 0 ≤ s ≤ n− 1
• 1 + q2m + q4m + ...+ q2m(n−1) = nδm≡0(modn)
• 1 + q2(m−s) + q4(m−s) + ...+ q2(m−s)(n−1) = nδm≡s(modn)
5.1 Quantum Fourier Transformation
Construction (∗∗), shows that our orthogonal states can by described by the Quan-
tum Fourier transform:
|0˜〉α
|1˜〉α
|2˜〉α
|3˜〉α
...
|n˜− 1〉α

=
1√
n

1 1 1 ... 1
1 w w2 ... wn−1
1 w2 w4 ... w2(n−1)
1 w3 w6 ... w3(n−1)
...
...
...
. . .
...
1 w(n−1) w2(n−1) ... w(n−1)(n−1)


|α〉
|q2α〉
|q4α〉
|q6α〉
...
|q2(n−1)α〉

(14)
This matrix corresponds to the Quantum Fourier transform, where w = e
−2pii
n is a n-th
rooth of unity, so that it is unitary matrix satisfying QQ† = Q†Q = I:
|k˜〉α 7−→ 1√
n
n−1∑
j=0
wjk|q2jα〉 0 ≤ k ≤ n− 1
In order to get orthonormal states, we define normalization matrix:
N =
e
|α|2
2√
n
diag
(
0e
|α|2 ,1 e|α|
2
,2 e
|α|2 , ...,n−1 e|α|
2
)−1/2
(modn)
6
fs(|α|2) =s e|α|2(modn) ≡
∞∑
k=0
(|α|2)nk+s
(nk + s)!
, 0 ≤ s ≤ n− 1
These functions are solution of the ordinary differential equation with proper initial
values.
Differential equation:
∂n
∂(|α|2)n fs = fs , where 0 ≤ s ≤ n− 1
These states can be used as qudits quantum information states, having advantage in
secure quantum communications.
6 Conclusions
Decomposition with Clock & Shift Matrices, such that Σ1 = QΣ3Q†, relates our re-
sults with Quantum groups. By using cat states for qubit as a unit of quantum in-
formation we can apply our generalized n-cat states for information units as qutrits,
ququats and qudits. Description of our kaleidoskope of coherent states can be realized
by operator Quantum Calculus and Quantum Fourier transform.
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